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Abstract-A method for solving the non-linear problem of minimum volume design of sandwich axisymmetric
plates obeying the Mises criterion is presented: it is a version of the statical method in which use is made of
techniques of the calculus of variations. These techniques are extended for application to the case of unbounded
minimal solutions. Several specific examples are worked out for loadings in which the applied forces point to the
same direction and support is provided at the inner and outer edges only. It is shown that the characteristic features
of the minimal designs are independent of other peculiarities of such loadings. when the plate is supported at one
edge only. The results of the paper are compared to those of similar cases of plates obeying the Tresca criterion.

1. INTRODUCTION

THE problem of minimal design of structures is defined as the determination of a design,
specified to within a variable parameter t, which is safe under a given loading and minimizes
some structural property. For minimal plastic design, with which this paper is exclusively
concerned, a design is said to be safe when the given loading or a multiple of it by a factor
greater than one is a yield point loading.

With t the thickness of the face sheets of a sandwich plate and the volume of the face
sheets the property to be minimized, Drucker and Shield [1] established that the minimal
design is the one admitting a mode of collapse for which the rate of energy dissipation in the
face sheets is constant everywhere. Mroz [2] showed further that all designs admitting
modes of collapse for which the rate of energy dissipation is constant on the surface of solid
plates correspond to extrema of the volume.

On the basis of the above theorems a number of minimal designs were obtained for
full axisymmetric [1, 3,4], circular asymmetric [5] and elliptical [6] sandwich plates. For
solid plates, full [3J and annular [7J designs which are locally minimal were also determined.

In all these applications it was tacitly assumed that a design does exist which actually
attains the minimum volume. It is known however that in many problems this is not the
case because no stress field§ can be found that satisfies everywhere both the statical

t Assistant Professor of Mechanics.
t Professor Structural Engineering. Adjunct Professor of Mechanics in the Graduate School, Illinois Institute

of Technology, Chicago, Illinois.
§ Here and in the following by "stress" is meant "generalized stress".
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requirements and the Drucker-Shield theorem. The difficulty was artificially circumvented
with the formation of flanges or ribs of infinite thickness and vanishing width. Such a
situation was encountered from the very inception of the method [1, 8J and in later applica­
tions [9]. But in plates it was met only recently, because of the small number of specific
problems worked out by means of the Drucker-Shield theorem. In fact the problem arose
only with the introduction of the statical method of minimum volume design [10--12].

The statical method ignores completely kinematical requirements. By taking into
consideration all statically admissible stress fields and by demanding the design to be such
that the stress point lie always on the yield curve it expresses the volume as a functional
of the stress over the domain of the plate. The minimum volume design then reduces to a
problem of the calculus of variations.

With safety defined by the Tresca yield criterion the volume functional for sandwich
plates is linear. Megarefs [10--12] exploited this linearity by the technique of stress variation.
This approach proved powerful enough to determine the minimal designs in all cases of full
or annular axisymmetric sandwich plates for one directional loading and any conditions of
edge support. Moreover it showed that the need for the formation of flanges or ribs is a
natural consequence of the minimal requirements; for this reason these devices were called
design constraints. What is more important still, the technique of stress variation revealed
that although minimal designs requiring design constraints cannot be constructed. they
can be approximated (in principle, to any desired degree) by what will be termed optimal
designs defined by a sequence of statically admissible stresses one component of which is
allowed to exceed in absolute value all bounds over an infinitesimal sub-domain of the
plate. Thus the design constraints can be interpreted as relaxation of the continuity and
boundedness condition imposed on the statically admissible stresses.

When the volume functional is not linear, it seems that the statical method has to resort
to the techniques of the calculus of variation. This paper represents such an extension of the
statical method to full and annular axisymmetric plates obeying the Mises criterion. The
problem is solved in its complete generality. Minimal and optimal designs are determined
by means of variational techniques and the results are readily applicable, without any
further theoretical consideration. in the case of simple loadings, i.e. when the applied
transverse forces are directed in the same sense and support is provided only at the edges.
This is illustrated on a number of specific examples. Comparisons with the corresponding
plates obeying Tresca's criterion are made from which it is seen that design constraints.
which here too emerge as a natural consequence of the minimal requirements. appear in the
same cases for both classes of plates.

The mathematical formulation in this paper is similar to that of [4]. This results from the
fact that both papers treat fundamentally the same problem and use the same well-known
parametrization of the Mises yield criterion. They differ however completely in their
approach and scope. as the present paper is based on the statical method and not the
Drucker-Shield theorem. encompasses annular plates as well with various support condi­
tions and a wider range of loadings. and defines not only minimal but also optimal designs.

2. FORMULAnON OF THE PROBLEM

Consider an annular plate of sandwich construction under the action of axisymmetric
loads normal to its middle plane. Let a and h denote the radii of the inner and outer edges
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respectively,t A the area of the middle plane enclosed by the two edges and M" Mo the
radial and circumferential principal bending moments. The volume to be minimized is
that of the face sheets

fA t(r) dA

where t(r) is the unknown variable thickness of the face sheets, kept at a constant distance
h by the inert core. If f(M" M o) = M" represents the adopted yield criterion, where
My = !h((Jy is the yield moment of the 'sandwich section of the plate, then ((1') must be
everywhere proportional to f(M" M 0)' The problem is then, equivalent to the minimization
of the functional

J = Cf(M"Mo)rdr.
-0

(1)

In accordance with the statical approach to minimal design, only those stresses (Q) =
(M,. M o) satisfying the statical requirements will be admitted. Thus if T(I') denotes the shear
force, then the admissible stresses are such that:

d
dr(rM,)-Mo = rT in [a, b]

M, is continuous in A and meets the statical boundary
conditions at I' = a and I' = b;

M 0 is bounded in A.

(2a)

(2b)

(2c)

If it is assumed that the plate is supported over precisely one circle. T(r) is completely speci­
fied by the loading.::: Moreover, the loading will be restricted so that the shear T determined
by it does not vanish except over discrete circles.§

The extremal condition for (l) as well as the natural boundary conditions are easily
obtained by submitting the volume functional to variation. If f>M, and f>M 8 represent
admissible infinitesimal stress variations. the volume variation, to the lowest order, is given
by

(3)

Moreover, the stress variations f>M, and f>M o must, by (2a) and the assumptions on T,
satisfy the relation

(4)

t For a full plate. a is zero.
t In the terminology of the statical method such plates are referred to as definite. Indefinite plates. which are

supported over more than one circle. are treated in Section 6.
§ If the shear vanishes over a finite subdomain ol[a. b] some singularities may arise which have been investigated

in [13] and can be excluded here.
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Substitution of (4) into (3) yields, after integrating by parts and setting r5J = 0,

Ob{tf d(rCfl}_ [>f JbI --- --.- oM rdr+ r-- ,'vi = 0
"a 3.\1r dr eMH r .\1 r a

(5)

for all admissible variations MV[r, 15Me, which means for M\I[r continuous in A and vanishing
at the edges at which a statical condition is imposed. The latter condition, if applicable at
both edges, entails the relation

ob

Ja 6Me dr = 0 (6)

obtained from (4) by integration between the limits u and b. Furthermore since the yield
criterion f(M r , Me) is bounded, symmetric and homogeneous of order one in the arguments
M r and Me it follows that

2.\1r - /vl

2f

2M-Mr

2f
(/)

are bounded and continuous, except for M r = Me = O.
Assuming that M r = 0 at both edges, (5) yields the Euler necessary condition of ex­

tremality

18)

(9)

from which, and the boundedness of cf/t':Mr • follows that of/eMo is a continuous function
in all its arguments r, Mr.lY[e.

The natural boundary conditions associated with (8) are easily obtained from ~ 51.
They state that if Mr is not prescribed at the outer edge. then

r cf. = 0 at r = b
('1\1 0

and if it is not prescribed at the inner edge

iy
r-- = 0 at r = u.

(H,fo
1(0)

Compactly, the statical as well as the natural boundary conditions can be put in the form

--I}
rr5A,fr-,'- = O. 1111

oA1H !a,b

So far, conditions (8) and (11) have been shown only to be necessary for a minimal
design. They can be shown to be also sufficient in the case of a sandwich plate obeying the
Mises criterion, which is considered here. This statement is expressed more precisely in the
following theorem the proof of which is given in the Appendix.

Theorem 1

If the yield moment f(M r • Me) is a homogeneous function of the order one in both its
arguments M r and M o, and if f(M r , 1'v[o) is continuously differentiable for all A[r' ,'viII
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except possibly M, = Mo = 0, and if a statically admissible stress (M:, Mt) exists that
satisfies (8) and (11) then this stress is unique and minimal. i.e. for this and only this stress
the volume integral actually attains its minimum value.

3. MINIMAL DESIGNS

In this section it will be assumed that a stress can be found which satisfies all the statical
requirements (2aH2c) and the minimal conditions (8), (11) everywhere in [a. b]. This
means that the minimal stress does exist and that the minimal design. which actually attains
the minimum volume. can be constructed. On this assumption detailed criteria for the
determination of the minimal stress will be established.

As stated in the introduction the material of the face sheets is assumed to fail according
to the Mises criterion; the function f(M r' M 0) is thus specified as

and is shown in Fig. 1.
Alternatively. (12) admits the parametric representation

M, = f( cos IX-)3 sin IX)'

M o = f(cOS IX+~ sin IX)'
.y3

(12)

(13)

where IX is restricted to lie on the interval [0.2n:).
With the'representation (13), the derivatives ~f/aM, and af/aMo become functions of IX

alone, namely

of 1 13 .
~M = "7 (cos IX--y SID IX)
C r _

or 1 I" .
~ = -(cos IX+-y.) SID IX).
cMo 2

(14)

Me
a= ~

a=4f

a=o
/

/

/\
I
I 51Ta=T

/ Mr
/

FIG. 1. The Mises yield curve. Directions of variation of (X for increasing r.
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Substitution of (14) into (8) yields

. . I da
2J3 sin a = r(sm 'X -...; 3 cos .:x) dr

which admits the solutions:

'X == 0(71:)

and

r = k exp[(aJ3)/6]/1 sin al t

(161

(J 7)

where k is a positive constant.
M, and cf/oM6 must be continuous; however M6 and of/oM, are only required to be

bounded. If r = ro is a circle of discontinuity in Mi], then continuity of M, and iif/aM6

demand that M,(ro) = O. But equation (l3a) requires that either f(ro) 0 or :xlro) =
(71:/3)(471:/3), and 114b) that cos(a-7I:/3) be continuous everywhere. Therefore if :tiro) =
(71:/3)(471:/3), then a is continuous at ro. By (17):t = (11:/3)(411:/3) is a local minimum for
r = r(a); this condition can, therefore, be satisfied at only the edge r = a. Consequently f
vanishes at r = ro. The observations above may be summarized as follows: M r , ;\;f ~ and
f are continuous everywhere; discontinuities in CI. are permitted provided f = C. and
cos(a -71:/3) is continuous at the circle r = roof discontinuity.

Circles over which M r vanishes are termed inflexion circles.t Subdomains of the plate
delimited by consecutive inflexion circles, by r = a and the innermost inflexion circle, and
by the outermost inflexion circle and the edge r = b are called regions. The solutions 116\
or (17) governing each region are called stress regimes or. simply, regimes. The regimes
corresponding to 'X = 0,71: are termed isotropic and those corresponding to ex = 271:/3. 5m3
radial.

The regimes (16) and (17) determine a point on the Mises ellipse (12) corresponding
to each circle with radius r of the plate. Examination of (17) shows that as a tends to either
zero or 71:, r tends to infinity; consequently the isotropic regime cannot be approached
in a continuous manner. The arrows in Fig. 1 indicate the direction of the variation of:x for
increasing radius.

Equations (2a), (13) and (15) may be combined to yield the linear equation

df

da

4...;3 . rT
-,----~-"----j+--­
3(...;3cot:J.-l) 2siIl:J.

o.

The solution of this equation, associated with each region, is given by

where

([ 9)

j~(a) = eXPLJ;J (
1 .

-.. ~ SIn a
..j5

'i
cos C(} .

H(a) = rT(r)/2 sin 'X

t For the terminology of the statical method. see [I 0--12J.

(20b)



Minimal design of sandwich axisymmetric plates obeying Mises criterion 60)

and rxc is an inflexion circle. t Once the inflexion circles are located, the minimal solution is
completely specified by (16), (17) and (19).

The number and location of the inflexion circles is not arbitrary. In particular, ifthe shear
T(r) has the same sign everywhere, then continuity of cos(rx -n/3) and equations (16), (17)
require that neither H(rx) nor fh(rx) change sign in [a, b]. Therefore, by (19), f(rx) can vanish
only once in [a, b]. The above observations are summarized in the following theorem.

Theorem 2
Let the loading be such that T(r) is either non-negative or non-positive in [a, b]. Then

there will be exactly one inflexion circle r = c, a ::;; C ::;; b.

4. OPTIMAL DESIGNS

This section deals with the case in which no stress can be found satisfying all statical and
minimal conditions everywhere in [a, b]. The minimal design, therefore, cannot be con­
structed. At the best it can be approximated by a sequence of optimal designs defined by a
sequence of statically admissible stresses {(Qn)} = {(Mr" M on )} such that for each n the
value I n of the volume functional corresponding to the stress (Qn) of the sequence is the
absolute minimum among the values the volume functional assumes for all admissible
stresses (M r , M 0) with 1M01 ::;; 1Monl. On this assumption detailed criteria will be established
for the construction of an optimal stress sequence {(Qn)}'

Denote by (M) the set of all statically admissible stresses and by (J) the set of the cor­
responding values of the volume functional. Since its elements are non-negative. (J) will
have a greatest lower bound Jo' Consider next the subset (M K

) of (M) defined so that a stress
(Mr. M o) is an element of (M K

) whenever (i) it is an element of (M), (ii) IMol ::;; K for all r in
[a, b] where K is an arbitrary positive number. Let J~ be the absolute minimum value of the
volume functional over (M K) and denote by (JK) the set of these values for all values of K.
It will be shown that if K tends to infinity

lim J~ = Jo . (21)
K-ec

Since J~ is non-increasing for increasing K and the set {J~} is bounded from below by
J o, it follows that as K tends to infinity the corresponding Jg converge to some limit 1*,
where J* ~ Jo. From the notion of greatest lower bound also follows that it is possible
to construct a sequence {(Qs)} = {(Mrs' Mos)} from elements of(M) such that the sequence
of the corresponding values {Js} of the volume functional converges to J 0 as s tends to
infinity. Therefore there exists a number S such that for all s ~ S, IJs-Jol < e. But, by the
construction of the sequence {(Qs)} there exists a number K such that IMosl ::;; K for all r in
[a. b]. Then (MrS' Mos) is an element of (MK

). Since Jo ::;; J~ ::;; I N , it follows that
IJ~ - J 01 < e and the relation (21) has therefore been established. Moreover if the absolute
minimal stress in M K is denoted by (M: K

, M:K
) and K is given the values of a monotonically

increasing sequence {K n} with Kn -x as n - x, then an optimal stress sequence is defined

t That every minimal design must exhibit at least one inflexion circle is easily established. The only case that
need be considered is the one in which no statical boundary conditions are prescribed. It follows then from (II) and
(14b) that at the two edges ex takes the values 571/6 or 117!/6. In view of Fig. I it is evident. that whatever the combina­
tion these boundary values cannot be attained without a discontinuity in ex; but it was shown that such a discon­
tinuity corresponds to an inflexion circle.
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as

After these preliminary results it is possible to establish necessary and sufficient con­
ditions for the determination of the optimal stress sequence. They are formulated in the
following two theorems the proofs of which are given in the Appendix.

Theorem 3
Suppose a minimal stress in (M) does not exist. If K is chosen sufficiently large. then

necessary conditions that (M~. M:) be minimal stress in (tv!/';) are:

(i) 1M:1 = K for a::; r < a+I-;;

Iii) equation (8) holds for a+;; ::; r ::; b;

(iii) MK Eif i = O'
I r o.MII :,=1> '

(iv) M,(aj = 0;

(v) _, -> ± 1 whenever Mil ~ 0 on [a, a+i-;)
CNi e a+<

<~O

where e -> 0 as K -> Y...

Theorem 4

If in (MK
), there exist a (M~. JVI:) satisfying conditions (iHv) of Theorem 3. then

(M~, M:) is the minimal stress in (M K
) for K sufficiently large.

As a consequence of condition (v) in the above theorems, and of (l4bl. 'X tends to

(n/3)(4n/3) as r tends to a. This result is also obtained from (13a) when :VIrla) = 0 and
f(a) =f:. O. By (19). flex) tends to infinity. but AIr remains bounded as 'X tends to (n: 3)(4n 3).
However the choicexa = n:i 3 or 4rri3 must be considered with both r 2: 0 and equilibrium
in the vicinity of r = a. The latter condition is equivalent to AIrla ) z Owhen.\1Hlu' 1- ::':: /

It follows. therefore,. that the optimal design satisfies (19): the boundary condition at the
inner edge is the same as for the minimal design, i.e. f 0 or x = 11r,3)(4n:3). but the
boundedness condition on f is relaxed to allow f to blow up in the vicinity of the inner
edge.

5. EXAMPLES OF DEFINITE PLATES

1:::21
e-1;'V 3 ,10 'X

{'let) = . ,
II" ) Sill 'X - cos 'J. • a,

L Consider an annular plate clamped at its inner edge r = a and free at its outer edge
r = b. Let the loading be arbitrary, provided the shear stress T(r) is everywhere of the same
sign. In particular any uni-directional axisymmetric load will suffice. Without loss in
generality, it will be assumed that T(r) 2: 0 for u ::; r ::; b. At r = a, Dl';oMo must vanish.
It follows from (l4b) that eta = 5n/6; the choice 1:a = ]] rr;6 leads to a negative design l.
Since lib) = 0, the assumption ofanother inflexion circle violates Theorem 2. Consequently
there can be but one region, namely. the entire plate. The minimal solution, from (19). is

3 (I . v v) ( - rT(r)) _
~- Sill e; - cos e; .-1'~ de;
." 3 _ Sill"
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""'here 5n/6 S 'Y. S 'Y. b < n. The constant k in (17) is determined from the condition
'Y.a = 5n6. The value 'Y.b which can be interpreted as a parameter of the plate geometry. is
also determined from (17):

(b)" [v3( 5n)] .; = exp 3 :Xb -6 ;(2 sm 'Y. b )·

A qualitative sketch of the minimal stress is given in Fig. 2.

•..~

FIG. 2. Minimal stress for plate with clamped inner edge, free outer edge.

(23)

(24)

2. Consider an annular plate constrained against rotation at its inner edge r = a,
and clamped at its outer edge r = b. If one directional downward loading is assumed, then
T(r) S 0 for a S r S b. At each edge rx must be either 5n/6 or 11 n/6. By Theorem 2, there
must be precisely one inflexion circle, say, at r = c, a < C < b. The condition f ~ 0 re­
guires:Xa = 11 n/6, rJ.b = 5n/6. Denoting :Xc- and rJ.c+ as the left and right hand limits of rJ. at the
discontinuity r = c, it follows from the continuity of cos(rx- n/3) that

2n +
rt.; = 3'-rJ.c

where 11 n/6 < rJ.; < 2n and n/3 < 'Y.c+ + < 5n/6. Als? from (17), c satisfies

(~2) = _e(,3118)(6«c -111<)/(2 sin rt.
c
-)

(~)2 = 2e(,3!18)(51<-6.nsin.~.

After eliminating rJ.c- in (25) and using (24),

(25a)

(25b)

(26)

is obtained. The value 'Y.c+ determined from (26) may be taken as a given geometry parameter
of the plate. The designfis now easily determined by (19) for each of the two regions, (a, c)
and (c, b). The minimal stress is sketched in Fig. 3.
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~M
FIG. 3. Minimal stress for plate with rotationally constrained inner edge. clamped outer edge.

As a tends to zero, that is, as the annular plate tends to the full plate, the limiting ratio of
clb is obtained as

lim ('.:) = 0·653
x-o h

(27)

(28)

The same critical value (27) was obtained by Eason [4] in the case of the full plate, clamped
at r = b and under uniform pressure. The analysis above, however, shows that the critical
value is independent of the load. This type of invariance is not restricted to the Mises
yield condition. Indeed Prager and Shield [5] and Megarefs [10] discovered this type of
invariance for the Tresca yield criterion; the critical ratio c/b in this case is 2/3.

3. Consider the full plate clamped at its edge r = b under the same type of loading as
above. The boundary condition at r = b is again (Xb = 51t/6. Isotropy at the center of the
plate requires (xo = O. Theorem 2 again requires an inflexion circle at, say, r = c. The
condition ao = 0 requires, by (16), that (X == 0 in the region 0 ::;; r < c. From the jump con­
dition, it follows that (Xc+ = 21t/3. Upon substitution of (Xb 51t/6 and 2rr/3 into (17) it is
determined that

c
- = 0·653
h

which is precisely (27). Consequently it may be concluded that the solution for the full plate
is the limiting solution of the annular plate constrained at its inner edge.t The minimal
stress is sketched in Fig. 4.

4. Consider an annular plate, free at its inner edge r = a, and simply supported at its
outer edge r = b. If the loading is such that T(r) ::; 0 for a ::;; r ::; b, it will follow from
Theorem 2 that no interior inflexion circle may develop. The boundary conditions are then
f(iXb) = 0 and iXa = rr/3; the choice (Xa = 4rr/3 leads to a solution f which either is negative
or violates equilibrium near r = a. The value (Xb, 0 <:J.b < rri3, may be taken as a parameter
defining the plate geometry, since by (17)

(b)2 , ['.../3( 1t)J' .~ =..j3 exp :3 iXb - 3 I (2 sm ab)·

t Megarefs [10] showed that this is also true ror the Tresca yield condition.
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M

FIG. 4. Minimal stress for full plate with clamped periphery.

613

(29)

From (19), the design f satisfies

e -,,/3 S' 1 . . .
f = ;3' 2 13( - rT)(l- cot ~)e';l, 3 d~.

1/...;. sm IX - cos IX 'b Y

By (13) and (29) both .r and M 9 tend to infinity as r tends to a, that is, as ex tends to n/3;
however M r remains bounded at r = a.t Consequently a minimal design does not exist,
but an optimal design does and is given by (29). The optimal stress is sketched in Fig. 5.

5. Consider a plate damped at r = b, but otherwise the same as that of example (4). It is
first assumed that IX is continuous on the whole plate. At r = b, ex = (5n/6)(11n/6). The
boundary condition at the edge r = a is

(30)

(31)

since from (17) the choice (x" = (n/3)(4n/3) is inconsistent with the continuity assumption
on ex and the boundary condition at r = b. From (19) and (30), the solution is given by

f' H(~).r = J;.(ex) ( _) d~.
'. Jh t;

==i

M

FIG. 5. Optimal stress for plate with free inner edge. supported outer edge.

t Megarefs [11 J, in his examination of this plate for the Tresca yield condition. found that the optimal design
possessed a similar design constraint at the inner edge. The case treated here corresponds to the two cases (il and
Iii) of the five exhaustively investigated there.
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The choice :Xb = Il1r!6 leads to a negative .I, therefore the proper condition is

:X b = 5n.-6. 1321

The value Cf.a , determined by (17) is again a geometry parameter; it is calculated from the
expression

(b) 2 [",3 J~. =2exp 'T8(5n-6aa) sinCf.a 133)

where 71:13 < c;(a < 5n/6. From (33), (bla)2 is a maximum when'J." = IT.3. Therefore 'J.a can
satisfy (33) only if (b/a)2 S y 3e(~ 311,'6 = 4·263. that is

(*) 2': 0·485. (34)

Therefore a minimal design exists and is given by (31) whenever the plate geometry satisfies
(34).

Now let it be assumed that an inflexion circle occurs at r = c. a < C < b. Consider
firsttheregiondelimitedbyr = candr = b.Asbeforenl3 < 'J.t < c;(b = 5nI6andf(ac+) = O.
By the same reasoning as above, (31) and (33) will hold with a replaced by c, namely.

1351
5n

for c;(- <:x < -
c - - 6r

a
H(~) -

f(a) = fh(a) f (') de;
• ~/ Jh e;

(
b)2 [/3 J~ = 2exp ~8 (5n-6c;(c+) sincct· 1361

If xc'" 2':: 2n/3, the jump condition implies that IIn/6 < 'J.c- < 2n. Since no other dis­
continuity in Ct is permissible, it follows from (17) that:Xa = 4n/3. But this choice requires
iWria +) > 0 while AIo(a +) -- -T.; which violates equilibrium. Therefore n/3 < 'Xc+ < 2n3.
and Cta = n/3. From (17).

(

_,L

1

')

2 = ,,_3 exp[(-!3/9) (3r'J.c- -71:1]
:2 sin :Xc

IT
0<'X;<3'

With (36), (7) and the jump condition

it follows that

( ~)2 = ~(cot'Y.c- +~3) exp["'8302c;(c -nIJ. (39)
.a, _ "I I

It can be shown that (b'al is a minimum when 'Y.c-'J.a = n/3. Therefore r'J.c- can be deter­
mined from (39) only when

a
< 0485b- 140)

whence the optimal ( is

r = ({:X) r~ mc;.-) d"
. h f ("I "... 7.~: " h > J..:,
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The critical value alb = 0-485 is once again independent of the load. For alb 2': 0-485.
there is a single region minimal solution. But as alb becomes less than 0-485. the design
changes abruptly into an optimal design with two regions and a singularity in f at the inner
edge. As alb approaches 0·485 from below, the two-regime solution approaches the single
regime solution, however. non-uniformly. Using the Tresca yield criterion. Megarefs [10]
observed the same type of phenomenon: the critical ratio of a to b was determined to be 1.
The minimal and the optimal stresses for the Mises criterion are sketched in Fig. 6.

6. INDEFINITE PLATES

In the preceding sections the plate was assumed to be definite: thus the shear force T
was uniquely determined by the applied loads. In this section the design theory developed
previously will be extended to indefinite plates. i.e. plates supported over more than one
circle.

Let r j (i = 1,2..... 11) denote the radii of the circles of support. Then the shear force is
given by

1[fr m n ]
T(r) = -~ a p(~)~ d~+ j~I'P/jH(r-rj)+ j~1 RjrjH(r-r j) (42)

where per) is the applied distributed load, Pi an applied ring load at I' = ri , Rj the reaction
force at the circle of support I' = rj and H(r - rj) the Heaviside operator with source at
r = rj • The n reactions Rj are related by only the force equation of the overall equilibrium;
eliminating one of the reactions by this equation we can write the expression for the shear
force in the form

"-I
rT(r) = rT*(r)- L rjRjH(r-rJ

i==l

(43)

(44)

The n - I reactions Rj in (43) represent arbitrary independent parameters which must be
determined from the minimal requirements.

If pj are infinitesimal but arbitrary variations of the reactions Rj, then the infinitesimal
variations 15Mr and 15Mo must satisfy the equation

d n~1

dr(r15M r ) = 15Mo- L PljH(r-rJ
j~ 1

Substitution of (43) into (3) yields

n-I fb af
15J = L Pil'j H(r-r j)-.'-1' dr = 0

j~1 a aMo
(45)

where (8) and (11) were used. Since the n-lpj are independent. (45) can be satisfied if, and
only if

(46)for i = I, .... /]- 1.fb ar rdr = 0
'i cMo·

Equations (45) supply the n - I additional conditions required for the determination of the
reactions R j •
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7. EXAMPLE OF INDEFINITE PLATE

Consider an annular plate, simply supported at both its inner edge r = a and outer
edge r = b, loaded with uniform pressure Po. If R 1 and R 2 denote the reaction forces at
r = a and r = b respectively, the shear may be expressed by

(47)

when: R = a2
- (2a/po)R I' If a2

- R 2:: 0, then by (47) rT(r) ::;; 0 for a ::;; r ::;; b. By example
(4), the solution must consist of a single regime with 0 < :J.b ::;; :J. ::;; n/3. For this regime,
however, ct'/cM& > 0, and (46) cannot be satisfied. If R 2:: b2

, then T(r) 2:: O. Again there
may be but one regime with n < :J.b < 4n/3. For this regime onaM0 < 0 and again (46)

cannot be satisfied. It may, therefore, be concluded that

(48)

From (47) and (48), it follows that T must vanish somewhere on (a. b). Let d be such that
T(d) = O.

There can be no inflexion circle at r = c if d ::;; c < b, for this would violate Theorem 2.
On the other hand, the assumption of more than one inflexion circle. say C 1 and (2 with
a < C 1 < C2 < d, also violates Theorem 2. Therefore there can be at most one interior
inflexion circle; its radius C must satisfy a < c < d.

First assume that no interior inflexion circle develops. Now :t.b lies in either (5n!6. n:) or
(11n/6,2n); for any other value, (14b) and (17) would not allow aj/cMe to change sign in
[a, b]. If:J.b lies in (5n/6, n), then (17) requires :J.a < :J.b . Then (19) yields j ::;; 0 for d ::;; r ::;; b.
Therefore

lin
6 <:t.b < In. (49a)

FIG. 6. Minimal and oplimal siress for plate with free inner edge, clamped outer edge when alb ~ 0-485
and alb < 0·485 respectively.
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By (49a) and (17)

411: 1171:
-<1"1 <-3 - -a 6

and

(b) 2 [ 1 J"~ = exp )3 (~b - aal sm aa/sm ab·

Moreover, substitution of (l4b) and (15) into (46) yields

f
'b

(cot (X + )3)(1 -)3 cot a) exp(a/..)3) do: = O.
'Q

It can be shown from (49a), (49b), (50) and (51) that

a
- > 0·3095b- .

Therefore, for plate geometry satisfying (52) a minimal solution is found, viz.

617

(49b)

(50)

(51)

(52)

(53)f·H(e)
f = fh(a) 'b fh(O de.

The values aa' ab are uniquely determined from (50) and (51) subject to (49a), (49b). The
reaction parameter R appearing in the integrand of (53) is determined from the boundary
condition {(aa) = O.

For plate geometry in which alb < 0·3095. a single regime solution is not possible.
If, however, an inflexion circle is assumed at r = c, arguments similar to those above will
show that

(54)

Moreover. it follows from (17) that

(c) 2 /3 [ 1 ( 471:) ]'\j -- = - exp - a - - .
a 2 sin ac- ) 3 c 3 .

(
b) 2 sin 0: + [ 1 ]
; = sin :b exp )3 (ab - ac+) ,

and

(55a)

(55b)

(55c)

And from (46),

J'( (cot a+..)3)(1-)3 cot a)e,i,3 da+{s~n a~ exp [ /1
3

(ac- -a/)]}
4n/3 510 ac "

x{f: (CotCX+)3)(1-J3cota)e.!V 3da} = 0 (56)
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,59)

must be satisfied. With (54) through (56) it can be shown that (biar' will be minimized when
:Xc = x/ = 4n: 3. Then

('~) 2 2': _:, ~ 3 ~ exp[-~ ('1.h - 42:)' "1,
a _ sm (J.h 'V J , 3.

where

The solution ::I.h of (5lS) is 6·039, whence (57) requires

(~) ~ 0·3095.

For plate geometry satisfying (59), Y. c-' '1./0

'Xh and the inflexion circle r = c are uniquely
determined by (54), (55a), (55b) and (56). The optimal design determined by (19) is

j(xl =

4n:
for -.;- 2': CI. 2': :Xc

.'
(601

The undetermined reaction R occurring in the integrand of(60) is determined by the hitherto
unsatisfied condition, f('1.c+) =: O. T,e remarks made at the end of Example 5 of Section 4
apply here as well. Using the Tresca yield criterion, Megarefs [12J discovered the same
kind of behavior: the critical ratio for that case was mh = 0·326. The minimal and optimal
stresses for the Mises criterion are sketched in Fig. 7.

,
I
I
I
I

!
I

: Me b' r

ja2.3095b~ •
I Mr
!

~M
FIG. 7. Minimal and opumal stress for plate with both edges supported when aih 2: 0·3095 and

<loh < 0·3095 respectively.
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8. CONCLUSION
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It has been shown that the statical method. using techniques of the calculus of variations,
can supply the necessary information for the complete determination of the minimum
volume design in all cases of sandwich axisymmetric plates obeying the Mises criterion.
Previously the method, using the technique of stress variation [10-12J. proved equally
successful for the Tresca criterion. It can therefore be said that the statical method has given
the thorough and complete solution to the problem of minimum volume design of axi­
symmetric plates which had eluded investigation for more than a decade.

Most striking among the contributions of the statical method is the discovery that a
minimal design, corresponding to a well defined stress in the closed interval [a. bJ does not
always exist. When it does not, optimal solutions can be obtained which correspond to a
sequence of admissible stresses and approximate the minimum volume. theoretically, to
any desired degree. In the limit the absolute value of the circumferential component of the
stress, and thus also the thickness of the face sheets. grow beyond all bounds over an in­
finitesimal subdomain adjoining the inner edge. The techniques of the calculus of variations
were extended in this paper to deal with such a situation. As a result the design constraint
emerged again as a natural and gradual consequence of the minimality requirements.
Obviously, the assumptions of thin plate theory, on which the whole investigation is based.
cease to be valid when the thickness of the face sheets exceeds a certain value and the
problem must be then formulated anew. A great asset of the statical method is that both, it
can determine the best possible design under the restriction of limited thickness and indi­
cate the way for the proper reformulation of the problem.

Although the notion of existence has been used in connection with the above situation
the paper was not intended to and does not contain any existence theorem proper. If the
set of the admissible stresses was extended to comprise generalized elements the sequence of
optimal stresses could be made to converge to a point of this space and thus to exist in the
mathematical sense; the corresponding design however would continue to be unattainable
and physically absurd. For this reason it was considered preferable to emphasize the
physical side rather than the mathematical and exclude generalized elements.

All examples of the paper refer to simple loadings, i.e. loadings which consist of applied
forces pointing in the same direction with reactions developing only at the edges. The solu­
tion is then substantially easier and, for definite plates, independent ofany other peculiarities
of the load. For more complicated loads further refinement of the theory is necessary.

There are several striking similarities between the minimal and optimal designs of
sandwich axisymmetric plates obeying the Mises and the Tresca [10-12J criteria. For both
criteria design constraints are required in the same cases and the critical value of the
geometry parameter at which they appear differs little. For this critical value the minimal
design turns into an optimal design and the pattern of the corresponding stress .changes
abruptly. The graph of the radial moment for the two criteria is of the same overall form;
but the graph of the circumferential moment for the Mises criterion does not exhibit the
discontinuities found under the Tresca criterion; it does never assume the constant value
Ate = 0 and only exceptionally, in the central region, remains equal to Atr throughout a
region. Furthermore in each region there exists only a single regime; regime circles, at
which the radial regime turns into isotropic inside the same region were not discovered in
the present investigation. In fact the isotropic regime under the Mises criterion either applies
to all points of a region or it does not apply at all.
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A further comparison between the minimal stresses under the two criteria could be
made in terms of kinematical properties, Although kinematics do not appear explicitly or
implicitly in this paper, or the statical method generally, it is not difficult to translate the
statical results into kinematical language. It suffices to observe that of/oM" ~r/cMe repre­
sent to within a positive multiplicative constant the curvature rates K" Ke of the minimal
design at incipient plastic flow. The extremal equation (8a') can then be interpreted as their
compatibility conditions, the boundary conditions (11) are equivalent to the kinematical
conditions at the edges for the various types of support, whereas (45) with iJfiav1e =
1/r dw/dr simply states that w(r) = lv(rk) at all circles ofsupport. Finally the Drucker-Shield
theorem ofconstant energy dissipation is nothing else but Euler's theorem for homogeneous
functions.

With the above correspondence it can be shown that even when a regime circle develops
under the Tresca criterion, and the Me graph is thus discontinuous and quite different from
its counterpart under the Mises criterion, as in the example of the indefinite plate, the strain
rates are remarkably similar. For both criteria, K, and Ke are continuous throughout each
region; moreover Ke is continuous over the entire plate whereas Kr is discontinuous at the
inflexion circle. The change in regime under the Tresca criterion is necessitated by the
compatibility (or Euler) equation and the continuity requirement on the strains, Also when
the isotropic regime prevails under the Tresca, but not under the Mises criterion the isotropic
strain K, = Ke is never reached for either of them; for instance, in example I of definite
plates the strain rate vector, for both criteria, starts with 1Ce = 0, Kr < 0 at r = a and turns
continuously until K, < Ke < 0 and r = b, For the limiting case a = 0, i,e. the full plate. the
prevailing regime is isotropic through the plate for both criteria, and so is the strain rate
with Kr = Ke.
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APPENDIX

Proofs of theorems

Proof of Theorem 1. Define t/J(Qo, QI) by

t/J(Qo, QI) "'" f(QI)- !(Qo)_(Q! _Q?)~f
CQ"QO

(AI)

(A2)

(A3)

where Q = (Mr , M o) is a stress, Qi (i = L 2) its components Qt :; M r , Q2 ::.:: MIJ, and the
repeated index indicates summation. The function f(Q) [defined by (12) and proportional
to t since the plate is of sandwich construction] is convex and positive homogeneous of
order one, In the coordinate system Q!. Q2' z the surface z = f(Q) is conical having as
cross sections z = const. the convex Mises yield curves for varying t. The scalar t/J is then
easily identified as the inner product of the directed chord from (Q? Q~, Zo) to (Ql, QL Zl)

and the gradient to the surface z - I(Q) = 0 at (Q?, Qg. zo). Since the surface is convex
t/J 2 0 everywhere.

Let now Q and QO be admissible stresses. Putting ~Q "" Q_Qo, it follows from (AI)
that

of I

f(Qo+~Q)- !(Qo) = oQ;!Qo ~Qi+t/J(Qo, Q).

The variation AJ of the volume functional corresponding to the admissible stress variation
~Q is obtained by integrating the first member of(A2) over the area A of the plate. Obviously
~Q satisfies the equilibrium condition (4), If QO satisfies the minimal conditions (8) and (11)

it is easily shown that the integral of the first term in the second member of (A2) vanishes.
Then, for all admissible Q

~J = Lt/J(Qo,Q)dA z 0

and QO is thus shown to be minimaL
It should be noted that the equality sign in (A3) holds only when JjJ = 0 everywhere in

[a, b], From the conical form of the surface z = f(Q) and the strict convexity of its cross
section it is evident that t/J will vanish only if the two stress points QO and Q lie on the
same generator, i.e. Q = vQo with v > O. But Q is then in equilibrium not with the applied
load but'its v-tuple; it is, therefore, not statically admissible, and it can be concluded that
the minimal stress is unique.

Proof of Theorem 3. Let (M~, M:) be the absolute minimal stress in (MK
) where K is suffi­

ciently large. On at least one interval, say [at, bl)' IM:I = K. For otherwise, (M~, M:)
would be required to satisfy the Euler equation (8); but this contradicts the assumption that
an absolute minimal stress does not exist in (M). Without loss in generality, assume

1M:, ::; K

for a < a l ::; r < b l ::; b

for ao::; r < a l .
(A4a)
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Moreover equilibrium (la) requires

IM~I « K

Consider now another stress (,W~. .'Vlf,) and its difference from the previous stres:.;
(.1M".1M eJ = (M~ - Al~. i'Vl~ - Mf,) which. in the terminology of the statical method. is a
stress variation. Let this stress variation. in particular. be a double pulse. Precise definition
of this stress variation and its properties can be found in [10] and [11]. For the present pur­
poses it will be described as follows:

.1!vl y =

';0
-(r-un)
r

"'0O
-£
r

.1Mo = 0 in[bo.uIJ

in[uI.bIJ

lAS)

11\.61

--=cMe

where b l -UI = bo-uo = £.

Since volume must be finite it follows that s is small for K sufficiently large. Using

aj

aj __ I
-,+0(1:)

(oAf y

and the requirement that (M~. Mf,) satisfy (8) for Uo :s; r < UI' it follows that the cost varia­
tion is

IA71

The assumed design is not a minimum; consequently it may be concluded that Ut = a. that
is. :110 may become large at the inner edge only. If no statical condition is imposed at
r = u. a negative pulse applied at the inner edge will show that :'vlf, < K at the inner edge.

It remains to show that Dr'aM ely ~"+, tends to one as t; tends to zero and K tends to

infinity. Apply a double pulse variation of intensity - ¢o (¢o > 0) with the first pulse on
[a. a + s). By arguments similar to those above. it follows that

iA81

Clearly 6J < 0 unless cj'cMela +, ~ I as t: ~ O.
Proof of Theorem 4. From (AI) it follows that for any admissible variation .1Alr' tii'vl".

the variation of the volume integral is

f a +, ( of elf ) fb (OJ iJ )
.1J = ;> u .1M y + 'M .1Me r dr + ~ tiM r +l~ tiM 0 r dr

a (j IVl r (e a+, (, Af r ( tVl o

+- rt/Jrdr.
""
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Since the third integral in (A9) is non-negative, it suffices to show that

11 +1 2 >0

623

(AlO)

where I I and 12 are the first and second integrals respectively in (A9). Without loss in
generality, assume M~ = K » 0 for a ::; r < a+ I:.

Using conditions (ii) and (iii). of the hypothesis, 12 becomes

(All)

Since

a::;r<a+r.

(AI2)

a::;r<a+r.

it follows that

II = [(a+<:)2] boMr(a+<:)-1 r+ c

boMrrdr+O(<:3)

whence, by condition (v) and (AI2)

f
a+r.

11 +12 = -1 a boMrrdr+O(r.3).

Since boMB::; 0 for a ::; r < a + r., b.Mr(a + <:) < 0 and (A 10) is therefore established.

(Receil'ed JO July J967: revised 19 August J970j

(AI3)

(A14)

A6cTpaKT-LlaeTCli MeTOLl peweHHlI HeimHeHHOH laLla'lH paC'IeTa Ha MHHHMyM o6beMa CaHDBH'IeBhIX

ocecHMMeTpH'IeCKHX nJlaCTHHOK, YLloBJleTBoplilOWHX yCJ10BHIO MHleca. 3TOT cnoco6 lIBJllIeTCli BapHaHToM

CTaTH'IeCKOrO MeTODa, npH HCnOJlBlOBaHHH MeTOllOB BapHaUHoHHoro I1C'II1CJleHHlI. 3TH MeTOllhl npHMe­

HlilOTCli llJlll CJlY'Iali HeOrpaHH'IeHHhIX MI1HHMaJlhHhlX peweHHH. LlalOTCli pa3pa6oTKa HeKOTophlX CJlY'IaeB

DJllI HarpY30K, B KOTOphlX npHJlOlKHHhle YCHJlHlI HMelOT TOlKe caMoe HanpaBJleHHe H onopa HaxODHTCli

TOJlhKO Ha BHYTPeHHHX HJlII BHeWHIIM KpaliX. YKalaHO, 'ITO xapaKTep paC'IeTa Ha MHYHMYM 06beMa He

3aBHCIIT OT llPyrllx oco6eHHOCTeH TaKHX HarpYlOK, KorDa nnaCTI1HKa onepTa TOJlhKO Ha ODHOM KpalO.

PelYJlhTaThl pa60Thl cpaBHHBalOTCli C nODo6HhlMH CJlY'IallMH nJlaCMI1HOK, YDOBJleTBoplilOWHX YCJlOBHIO

TpeCKH.


